Concise Notes of Probability Theory
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Z—H Chebyshev’s Inequality
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2 Basic Knowledge

Definition 1 (%, P). i#2: P(A) >0, P(Q) >0, P(U;A;) = >, P(4;).

Theorem 1 (Bayes).

B P(ABi) _ P(ABi)
P(B;|A) = P(4) ~ X, P(A[B;)P(B))

Definition 2. #A#Hk L, HEZIRL

3 Random Variables

Definition 3. 574 @i F, 54 H/5) P (B4, HEFE AL (k)

Definition 4. In high dimension:

Kenh itk Fla,y) =P(X <z,Y <y)
oo d Fx(x), Fy (y)

2
EMMEFEL fvix = flz,y)/fx(x)

o M f(x,y) = fx(x)fy(y)

Definition 5 (Expectation $1#). S5 |z [pr 3 fj;o zf(x)dr BxPis, NZMALE &
ML HLE.




3.1 Classic Distributions

2-dimentional Normal Distribution N (uy,0%; 2, 05; p):

1 1 (z —m)? (= — ) (y — p2) (y—uz)QH
z,Y) = —————exp< — -2 +
f@) 2m01024/1 — p? I){ 2(1—-P2)[ of g 0102 o3
Distributions 0-1 Bernoulli( 71 ) JUAR] Poisson
ifie=s B(1,p) B(n,p) G(p) P(X)
Domain 0,1 1,...,n 1,...,400 1,...,400
Pr(X =k) | p*Q-p)'* Cip"1-p* (1—p)*'p e MN/R
ElX] p np 1/p A
D(X) p(1—p) np(1 — p) (1-p)/p? A
2% 1: Discrete Distribution
Distributions | Uniform #J%4) Exponential $5%§ Normal 1EZS
s U(a,b) E() N(p,0?)
Domain (a,b) (0, +00) R
_ 1 (x —p)?
. Az _ 7
fx@) | 1e-a A o |-
E[X] (a+b)/2 1/A 1
D(X) (b—a)?*/12 1/ o?
7% 2: Continuous Distribution
3.2 Theorems and Properties
Theorem 2. (547: Z=X+Y = fz(2) = fx(x) * fy(y). 7T F 5 Fy 3 A=k 14,

DI

Property 1. For some distribution: (iX4

ik ARy’ )

X —
e If X ~ N(p,02), then = ~ N(0,1).
o If (X,Y) ~ N(u1,08; 2,03 p), then X +Y ~ N(p1 + pio, 07 + 2po102 + 03)

o If X ~ B(n,p) andY ~ B(m,p), then X +Y ~ B(n+m,p).




Theorem 3 (* ZHthbLAE F R @zaﬁ@wﬂm TR (4R AT )

U= x = h(u,v)
(X,Y) = fxv)(z,y), m{ BEs

v=uv(z,y) y = s(u,v)

Oh/Ou  Oh/ow

T(u,v) =
W)= psjou as/ov

2
fwow) (u,v) = foxy) [h(u,v), s(u,v)] x |J(u,v)|

Property 2 (¥, 52). May be useful:
.« E[X +Y] = E[X] + E[Y].
e X,Y# 3, E[XY]=E[X]E[Y] and D(X +Y) = D(X) + D(Y).

« D(CX) = C?*D(X).

cov(X,Y)

Definition 6 (#7522, 1 X 2K cov(X,Y) = E[(X—p.)(Y —py)] and p = D(X)D(Y)

[—1,1]. i Ffks, M—E RAX; RITK.

4 e B

Theorem 4 (Markov’s Inequality).

P(X >a)

IN

Theorem 5 (Chebyshev’s Inequality).

0,2

PUX —pl 2o < 5

or
2

o
P(\X*M|<E)>1*§
it A —x AR REF S, Also, Chebyshev’s Inequality is significant when prooving “Laws

of Large Number”.




Theorem 6 (Laws of Large Number). Here’s some different forms of the law:
o Chebyshev. IR A RABE, F £ G ELA LR R,
lim P |2 znjx ! zn:E[X]
1 - i i
noree N nis

1 "
Note: T AR AT VA3 AR, limy, 4 oo ED(Z,@ Xi) = 0.

25)—0

o Khintchine.

1 N
ﬁ;Xk:_.u

lim P <
n—+oo

Theorem 7 (CLT).

. 2271)(/6_”” ) 1 /$ —t*/2
lim P|l===—=——<z2|=®o(z) = — e dt
( Vno? a (z) Vor J_s

n—-+oo

5 BOMSif

Definition 7. —#45itF 4o TF:

. 1
7}%4—\&3{5—0 X = EZ?:I Xi'

. 1 n o
7}%2]&7.7‘211‘—_0 52 = m Zi:l(Xi - X)2

1
HA RO REE. M=~ YL, X}

=1 A

, 1w _
AR kB stE, (OM)e = = 0L, (0 - X)*.

Definition 8. 4-#1s:
o EM o ¥ li., P(X >x4) =«

o WM a HHAE. P(X|>3ap)=a

Distributions | x? £}/ t 43 F i
it x*(n) t(n) F(m,n)
N(0,1) x*(m)/m

-~

=9 21;1 N?(0,1) \/W x2(n)/n
E[X] n / /
D[X] on / /
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Property 3 (F 431i).

Theorem 8. May be significant. X ~ N(u,0?).

_ 2 5
. XNN(M,U) or MNN(O,l).
n

o/vn
. (n_aizl)SQ=ZL (Xi;)z)QNxQ(n—l)-
cx, DSy
— S_/T/gwt(n—l).

6 Xk

Definition 9. 45/&iti%, RAMARE (F—55kad 15 N 4e 0 = min,; 0;)

Definition 10 (Tiftk). E[d] = 6.

Definition 11 (%) If D(6,) < D(6,), then 6, . 0y FA 3.

Theorem 9 (Rao-Cramer A~%3K).

D) > 1(9) = 1 / {nE[(W>”

TARE “FafEitE” a2 L.

Definition 12 (—&flit4). lim, e P(‘é - 9’ < 5) = 1.

RE: RARBITER lim, oo D(O) =0




Method, .

1Eiag R0
Ltsn | Pak M) X = & b
2] 73‘/_; ~ Fin-1) Xt %tm{n—i)
AESeg Bk )
fesuns | u ok EROET o B i gy
Y M“XI‘"") %(Xi‘iy[x:w{’w) and % g(n-n§

B 1 BANES SRS HIEE X

7 BBk

Definition 13 (p {HIIETE).

—EEERKR TIPTS5
WA B XA —E, 0.



